We present a detailed study on the properties of single photons generated by spontaneous parametric down conversion (SPDC) when both the spectral and spatial degrees of freedom are controlled by means of filters. Our results show that it is possible to obtain pure heralded single photons with high heralding efficiency despite the use of filters. Moreover, we report an asymmetry on the single photon properties exhibited in type-II SPDC sources that depends on choosing the signal or the idler photon as the heralding one.
I. INTRODUCTION
Spontaneous parametric down conversion (SPDC) is a convenient source of paired photons [1] . Due to the intrinsic properties of the non-linear process that leads to pair generation, SPDC photons are correlated in space, frequency and other degrees of freedom. Detailed studies of these correlations have been carried out to understand the SPDC process itself [2] and its promising use for quantum applications [3, 4] . For example, studies of the spatial and spectral correlations have been widely investigated due to the role of SPDC on the generation of what is called heralded single photons (HSPs) [5] . In a HSP source, the detection of one of the photons announces the presence of its partner, which is then available for applications.
For most applications, from a single photon source it is desirable that all of the photons generated are pure, indistinguishable and produced on-demand [5] . In order to get a pure HSP based on SPDC, it is important to remove the spatial and spectral correlations within the photon pair. There are various approaches to remove the spectral correlations by engineering the frequency jointspectrum of the pairs [6] , using achromatic phase matching [7, 8] , or working with the appropriate crystal at the appropriate wavelength [9] . On the other hand, regarding the engineering of spatial SPDC correlations, some studies show how different pump spectral profiles result in different spatial correlations [10, 11] .
Spatial and spectral filtering is the most common way to control and even suppress the correlations of SPDC photons [12, 13] . Filters have the advantage of being relatively simple to implement experimentally, but with the drawback of decreasing the amount of photons available. However, in recent years, intense sources of photon pairs have appeared [14] opening the possibilities to control correlations by means of filters. Motivated by these recent advances, in this paper we describe the purity and * j.florez34@uniandes.edu.co heralding efficiency of HSP taking into account both spatial and spectral filtering.
Our study is based on the mathematical formalism developed in Ref. [12] , which provides a compact tool to study the role of the SPDC parameters and the filtering process on the SPDC spatial and spectral correlations. From our study, we found that when using type-II SPDC to generate HSPs, it is different to announce with the signal or the idler. We show that for some experimental parameters, the heralding efficiency associated to each of the photons is different. This result is in agreement with reported experimental results as the ones in [14] . In addition, we found that filtered SPDC sources allow the production of HSP with high heralding efficiency. This differs from the previous conception according to which the use of filters was thought to be detrimental for the heralding efficiencies, at least when both SPDC photons were filtered [9] . The results reported in this paper make HSP based on SPDC a more promising source given the new high intense sources of paired photons. This paper is organized as follows: Sec. II contains mathematical expressions for the SPDC two-photon state and HSP properties; the effects of filtering on the spatial HSP purity and heralding efficiency are discussed in Sec. III in the presence and absence of the spatial-spectral correlation; in Sec. IV, we analyze the spectral HSP properties and identify the conditions for which it is possible to obtain a pure HSP with high heralding efficiency; finally, in Sec. V we present our conclusions.
II. THEORETICAL FRAMEWORK
To understand the role of filters in the generation of HSPs via SPDC, in this section we develop theoretically the spatial and spectral correlations of paired photons. In addition, we define the purity and heralding efficiency of HSP and its relationship with the characteristics of the SPDC photon pairs.
A. Spatial and spectral SPDC two-photon state SPDC is a non-linear optical process in which photons from an intense pump beam are occasionally divided in two photons known as signal and idler. Fig. 1 illustrates a typical experimental setup for the generation of HSP via filtered SPDC. A pump laser impinges into a non-linear crystal where pairs of photons are produced spontaneously. Using first order perturbation theory, in the paraxial approximation, the two-photon state as a function of the frequencies ω µ (µ = s, i) and transverse wavevectors q µ = (q x µ , q y µ ) of the signal (s) and the idler (i) photons, is given by [15] 
where φ(q s , ω s , q i , ω i ) is the so-called mode function or biphoton, which play the role of a joint-probability amplitude for the photon-pair state. This function contains all the information about the spatial and spectral correlations between the photons in the Hilbert space spanned by q s , q i , ω s , and ω i , and the role of the filters. For a collinear SPDC process, occurring in a crystal of length L, the mode function is
Here, the spatial and spectral filters are denoted by C µ (q µ ) and f µ (ω µ ), respectively, N is a normalization constant, α(q s + q i ) and β(ω s + ω i ) describe the spatial and spectral pump distributions, respectively, and ∆k accounts for the longitudinal phase mismatching between the involved fields.
In general, the mode function in Eq. (2) cannot be separated into two subsystems defined by neither {q s , q i } and {ω s , ω i }, nor by {q s , ω s } and {q i , ω i }, which means that the two-photon system exhibit correlations between space and frequency and between signal and idler [12] . Fig. 2 shows a pictorial representation of such correlations. In this work, the correlation between space and frequency is controlled by means of spatial and spectral filters placed in the signal and idler paths, as indicated in Fig. 2(a) , while the degree of signal-idler correlation is mediated by the spatial and spectral properties of the pump, as in Fig. 2(b) . In (a), the twophoton system is viewed as composed by the spatial and spectral variables of each photon. Along this work, the correlation between these two degrees of freedom is controlled by means of filters. In (b), the two-photon system is considered as one given by the signal variables and the other by the idler ones. The signal-idler correlation is mediated through the pump properties.
Following [12] , under certain approximations it is possible to write Eq. (2) using a matrix representation such that
with A a 6 × 6 matrix that depends on all the parameters of the SPDC process and the filters, x a vector whose transpose is x T = (q for the spatial and spectral profiles of the pump beam, 
Here D µ is the inverse group velocity difference between the photon µ and the pump, and ρ ( = p, s) is the walkoff angle. This angle is given by ρ = − 1 n ∂n ∂θ , where n is the effective refractive index for the extraordinary beam and θ is the angle formed by the wavevector k , and the optical axis of the crystal.
An idea about the spectral and spatial correlations of the SPDC photons and the effect that filters have on it, can be obtained by looking at the joint-spectrum,
It is convenient to consider independently the spectral, |φ(q s = 0, Ω s , q i = 0, Ω i )| 2 , and the spatial, |φ(q s , Ω s = 0, q i , Ω i = 0)| 2 , joint-spectrum. Fig. 3(a) and Fig. 4(a) depict the corresponding unfiltered biphoton (σ s = σ i → ∞ and w s = w i = 0, respectively) for collinear type-II SPDC, produced in a 1 mm BBO pumped by a laser centered at 405 nm with σ p = 1 nm and w p = 10 µm. The tilt with respect to the straight line at −45
• in Fig. 3(a) and Fig. 4 (a) is due to the fact that we are considering a type II process in which signal and idler have orthogonal polarizations. The tilt in the spectral domain is a consequence of the different group velocities for signal and idler photons inside the nonlinear crystal. In the spatial domain, the observed tilt is due to the presence of the walk-off angle for the signal photons that is absence for the idler ones.
The presence of the tilt in the spectral and spatial domains has consequences at the moment of filtering the SPDC source. When the same filter is placed in the signal and idler paths, Fig. 3(b) for the spectral regime and Fig. 4(b) for the spatial domain, the joint-spectrum looses the information of the tilt. However, when only one of the photons is filtered, the areas of the joint spectral and joint spatial functions are different, as can be seen comparing Fig. 3(c) with Fig. 3(d) , and Fig. 4(c) with Fig. 4(d) . This fact reveals that, for a type-II SPDC source, to place a filter in the signal arm leads to different results than a filter in the idler arm.
To get further insight into the spatial and spectral domain of the SPDC, it is useful to work within the density matrix formalism. When spatial and spectral filters are considered in the paths of signal and idler photons, the density matrix isρ = |ψ ψ|, with |ψ the SPDC twophoton state given by Eq. (2) .
If one is interested in the spatial or spectral properties of the two-photon state, one must apply partial traces to ρ and define reduced density matrices. For example, the signal-idler spatial density matrix iŝ
and the signal-idler spectral density matrix iŝ
where the partial traces are done over the two-photon spectral and spatial degrees of freedom, respectively.
B. HSP properties
The characteristics of HSPs produced via SPDC will be determined by the SPDC mode function properties calculated in the previous section. In particular, it is interesting to study the purity and the heralding efficiency of the HSP. Regarding purity, we are interested in the spatial purity, P qµ , and spectral purity, P Ωµ , for each of the down converted photons. These purities can be calculated through the signal-idler spatial density matrix, ρ q , from Eq. (5), and the signal-idler spatial density matrix,ρ Ω , from Eq. (6). Explicitly, for the signal photon ρ qs = Tr qi (ρ q ) andρ Ωs = Tr Ωi (ρ Ω ), while for the idler photonρ qi = Tr qs (ρ q ) andρ Ωi = Tr Ωs (ρ Ω ). From these expressions, the spatial and spectral purities of the HSP can be written as
and
revealing that the purities of each individual photon are determined by the properties of the SPDC and the filtering.
On the other hand the heralding, efficiency is defined as the conditional probability of detecting a single photon given the detection of its twin. For example, taking the signal photon as the heralding one, and assuming an ideal detection system, the maximum heralding efficiency, η s , when announcing with the signal, is defined as [16] 
where
is the probability of detecting the heralding signal photon after a set of filters f s (Ω s )C s (q s ), and is the joint probability of detecting the signal together with the corresponding heralded idler photon, after passing a set of filters f s (Ω s )C s (q s ) and f i (ω i )C i (q i ), respectively. Likewise, the idler maximum heralding efficiency is defined by η i = P c /P i , with P i the probability of detecting the heralding idler photon after a set of filters
An intuitive idea of the probabilities P s , P i , and P c can be extracted from the areas associated to the plots in Fig. 3 and Fig. 4 . The areas of Fig. 3(b), Fig. 3(c) and Fig. 3(d) correspond to P c , P s and P i , respectively. Analogously, Fig. 4(b) , 4(c) and 4(d) obey the same correspondence but for the spatial case.
The properties of the SPDC photons and the filtering process will determine the purity and heralding efficiency of the HSP. In what follows, we will use Eq. (3) in order to illustrate these dependences.
III. SPATIAL PROPERTIES OF FILTERED HSP WITH AND WITHOUT SPATIAL-SPECTRAL CORRELATION
With the theoretical model developed for the SPDC correlations and the definitions introduced in the previous section, we can proceed to calculate the spatial purity and heralding efficiency of a HSP produced by a filtered SPDC source. The effects of spectral filtering on HSP sources for the case q s = q i = 0 have been previously considered [17] [18] [19] . Here, we focus our attention on the role that spatial filters play in the HSP properties.
We study the spatial purity and heralding efficiency when the HSP is either the signal or the idler photon, according to the setups of Fig. 1 . When the signal is the heralded photon, the quantities of interest are P qs and η i , whereas when the idler is the heralded photon, one is concerned with P qi and η s . With a fixed value for the spectral-filter bandwidths, we vary equally the collecting mode of the spatial filters, Fig. 5(a) .
We consider spectral-filter bandwidths (σ s = σ i = 5.0 nm) such that the spatial-spectral correlation is not destroyed, as illustrated in the upper part of Fig. 5(b) . The corresponding spatial purities and heralding efficiencies are shown in Fig. 6(a) . Due to the spatial-spectral correlation, the spatial subsystem is not pure and therefore we observe that P qs is not equal to P qi . Additionally, P qs and P qi tend to 1 as collecting modes increase, as expected from strong filtering conditions. Now, we consider a case in which the spatial-spectral correlation is broken, but the signal-idler correlation exist. To do so, we fix σ s = σ i = 0.1 nm, as represented in the lower part of Fig. 5(b) . Fig. 6(b) shows how, in this situation, P qs = P qi , as expected when the spatialspectral correlation has been destroyed.
In both graphs of Fig. 6 , the heralding efficiencies η s and η i are clearly different to each other. For example, if we set 10 µm collecting modes in both paths, η s = 0.55 whereas η i = 0.39, exhibiting a difference of 29% with respect to η s . One can explain the differences in the heralding efficiencies by comparing the areas in Fig. 4(c) and Fig. 4(d) , which go with P s and P i , respectively. From these figures, one sees that P s < P i , indicating that a filter in the signal arm leads to a lower probability of detecting its partner than a filter in the idler arm. By means of Eq. (9), one explains why η s > η i in Fig. 6 . Figure 6 also shows a trade-off between spatial purities and heralding efficiencies when varying the spatial filters. This is because, as the collecting modes increase, less transverse modes are coupled into the fibers, producing more pure spatial states. However, the probability of detecting the two photons from a pair reduces, resulting in a low heralding efficiency.
Up to now, we have considered equal collecting modes for signal and idler. Another scenario that may be implemented in the laboratory is when such collecting modes vary independently. Fig. 7(a), Fig. 7(b) and Fig. 7(c) show contour plots for the spatial HSP purity and heralding efficiencies η s and η i , respectively, for the case in which the spatial-spectral correlation is broken. From  Fig. 7(a) , one observes that there is a set of values for the signal and idler collecting modes which leads to an almost 100% purity. However, from a certain value of w s (w s 23 µm), the HSP purity is 100%, no matter the collecting mode on the idler photon path. Something similar occurs for a certain value of w i (w i 30 µm). This means that one can even avoid the use of filters in one of the photon paths and still obtain a high purity. Nevertheless, these values of w s and w i are different for the signal than for the idler, giving again a difference between placing a filter on either path.
Regarding the heralding efficiencies, by looking at Fig. 7(b) and Fig. 7(c) , we observe that a high heralding efficiency is obtained by fixing a small collecting mode for the heralded photon and increasing the heralding one. The latter can be seen in Fig. 7(b) , where η s approaches to 1 if one sets an idler (heralded photon) collecting mode less than 10 µm and increases the signal (heralding) collecting mode. A similar result is obtained for η i , Fig. 7(c) , but fixing a small signal (heralded) collecting mode and varying the idler (heralding) one. Moreover, η s > η i , in agreement with Fig. 6 .
We conclude that there is an asymmetry between using the signal or the idler as HSP. Since η s > η i , it is more convenient to use the ordinary polarized photon (idler photon in this work) as HSP. However, it is important to point out that this asymmetry disappears when the waist of the pump becomes wider. For the configuration we are considering, this happens for a pump waist greater than 100 µm.
IV. SPECTRAL PROPERTIES OF FILTERED HSP WITH AND WITHOUT SPATIAL-SPECTRAL CORRELATION
In this section, we compare spatial and spectral purities, and also study the conditions to obtain photons with both high purity and high heralding efficiency. We perform this analysis of the HSP properties when the spa-tial filters are fixed and the spectral filters are allowed to vary equally. The values of the spatial filters are chosen in such a way that we are able to study the HSP properties in the presence and absence of the spatial-spectral correlation, as in the previous section. These conditions are illustrate in Fig. 8 . Figure 9 shows spectral purities for signal and idler, P Ωs and P Ωi , as well as heralding efficiencies, η s and η i . The behavior of these HSP properties can be understood analogously to the spatial case, with the difference that a wider spectral-filter bandwidth means not filtering, while in the spatial case a greater collecting mode implies a stronger filter. Hence, contrary to Fig. 6 , the spectral purities become smaller and the heralding efficiencies increase as a function of σ s and σ i . Concerning the heralding efficiencies, the asymmetry between announcing with the signal or idler is still present, but now η i > η s in contrast to the spatial case. Comparing  Fig. 3(c) with Fig. 3(d) , this fact is explained if one realices that, contrary to the spatial case, in the frequency domain P s > P i , leading to η s < η i .
So far, we have seen how is the behavior of the spectral purity and heralding efficiency separately. In what follows, we will concentrate in which conditions must be accomplished to get photons with both high spectral purity and high heralding efficiency. In order to find these conditions, we define the spectral purity-efficiency factors (PEFs) as P Ωs η i when the signal photon is the HSP and as P Ωi η s when the idler photon is the heralded one. PEFs satisfy
displaying their maximum values when both the spectral purity and the corresponding heralding efficiency reach independently their highest possible values.
We consider the behavior of PEFs for the filtering configuration illustrated in Fig. 10(a) , in which the spatial filters are fixed and only one of the spectral filters varies. We concentrate in the case in which we have the spatialspectral correlation together with the spectral signal-idler correlation. This is schematically represented in the upper part of Fig. 10(b) . In Fig. 11(a) , we plot PEF when the idler is the HSP, according to the setup of Fig. 1(a) , for two values of the idler's spectral filter. For a weak filter in the idler's path (σ i = 10 nm), the maximum PEF is obtained by making a strong filtering in the signal (heralding) photon (σ s < 1 nm), while for a strong filtered idler photon (σ i = 0.1 nm) PEF is almost zero, no matter the filter in the signal arm. Fig. 11(b) shows PEF when the signal is the HSP, corresponding to the setup of Fig. 1(b) . We compare again two values of the spectral filter for the idler photon, but now this photon plays the role of the heralding one. In both cases, PEF increases when the filter in the signal arm increases. However, the maximum PEF is achieved practically without filtering the idler (heralding) photon (σ i = 10 nm). Fig. 11 . The pump properties are σp = 0.1 nm and wp = 10 µm, and the spatialspectral correlation is present making ws = wi = 50 µm. In (a), we plot idler's PEF when this photon is the HSP, while in (b) the PEF is shown when the signal is the HSP.
The lower part of Fig. 10(b) shows the effect of increasing the spectral signal-idler correlation, which can be accomplish by, for example, decreasing the bandwidth of the pump. In comparison with plots in Fig. 11 , a similar behavior is observed when the HSP is the idler, Fig. 12(a) , or the signal, Fig. 12(b) . However, when the spectral signal-idler correlation is stronger, the variations of the PEF are steeper, restricting the implementation of the idler photon as HSP to the use of a very narrow filter in the signal arm (σ s 1 nm and σ i = 10 nm), as can be seen in Fig. 12(a) . On the other hand, when the signal is the HSP, a 100% PEF is obtained when the idler (heralding) filter is σ = 10 nm and the signal photon is almost unfiltered, according to Fig. 12(b) . This result reveals that one can have a spectrally pure HSP source with a high heralding efficiency through the use of filters.
V. CONCLUSIONS
We described the spatial and spectral purities as well as heralding efficiencies of HSP produced via collinear type-II SPDC, considering the effects of spatial and spectral filters. As a new result, we found that the heralding efficiencies depend on the photon that is used to announce the presence of its partner. In particular, when dealing with the spatial properties of the single photon, the highest heralding efficiency was obtained when the ordinarypolarized photon (idler) was used as the HSP. On the other hand, when one is concerned about the spectral properties of the single photon, it is more convenient to implement the extraordinary-polarized photon (signal) as the HSP. Additionally, we observed the expected behavior for the spatial and spectral purity of signal and idler depending on the presence of the spatial-spectral correlation.
Finally, we introduce the purity-efficiency factor (PEF) to figure out which conditions must be satisfy in order to build a suitable HSP source based on SPDC. We found that in the spectral case it is possible to have high purity and high heralding efficiency simultaneously. This is relevant since new sources that produce high number of photon pairs have been develop in recent years, and the use of filters in an experimental setup is more convenient than other approaches to control correlations.
